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# Subtraction of natural numbers.
load "nat-less"
extend-module N ({
declare -: [N N] -> N [200]
module Minus {
define [x y z] := [?x:N ?y:N ?z:N]
assertx axioms :=

[(zero - x = zero)

(x — zero = x)

(S x =8y =x-y)]
define [zero-left zero-right both-nonzero] := axioms
define Plus-Cancel := (forall y x . y <= x ==> x = (x - y) + V)
by-induction Plus-Cancel ({

zero =>
conclude (forall ?x . zero <= ?xX ==> ?x = (?X — zero) + zero)

pick-any x
assume (zero <= Xx)

(!'sym (!chain [((x - zero) + zero)
= (x + zero) [zero-right]
= x [Plus.right-zero]]))
[ (S y) =>
let {ind-hyp := (forall ?x . y <= ?x ==> ?x = (?x - y) + y)}
datatype-cases
(forall ?x . Sy <= ?x ==> ?x = (?x - S y) + S vy) {
zero =>
conclude
(S y <= zero ==> (zero = (zero - S y) + S vy))
assume A := (S y <= zero)
(!from-complements (zero = (zero — S y) + S vy)
A
(!chain-> [true ==> (~ A) [Less=.not-S-zerol]))
| (s x) =>
conclude
(S y <=Sx==>(Sx=(Sx-Svy) +Syvy)
assume A := (S y <= S Xx)
let {C := (!chain-> [A ==> (y <= x) |[Less=.injectivell])}

(!sym (!chain
[((Sx =S y) +Sy)

((x —y) + S vy) [both-nonzero]
(S ((x —vy) + v)) [Plus.right—-nonzero]
= (S x) [C ind-hyp]]))
}
}
define second-equal := (forall x . x — X = zero)

by-induction second-equal {

zero => (!chain [(zero - zero) = zero [zero-left]])
| (S x) =>
let {ind-hyp := (x - x = zero)}
(!chain [(S x - S x) = (x - x) [both-nonzero]
= zero [ind-hypl])

#0r, without using induction:
conclude second-equal
pick-any x:N
(!chain-> [true
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69 ==> (x <= X) [Less=.reflexive]
70 ==> (x = (x - %) + %) [Plus—-Cancel]

71 ==> (zero + X = (x - x) + x) [Plus.left-zero]
72 ==> (zero = X - X) [Plus.=-cancellation]
73 ==> (X — X = zero) [sym]])

74

75 define second-greater := (forall xy . x <y ==> x — y = zero)
76

77 by-induction second-greater {

78 zero =>

79 conclude (forall ?y . zero < ?y ==> zero - ?y = zero)

80 pick-any y

81 assume (zero < y)

82 (!'chain [(zero - y) = zero [zero-left]])

83 | (S x) =>

84 let {ind-hyp := (forall ?y . x < ?y ==> X — ?y = zero)}

85 datatype-cases (forall ?y . S x < ?y ==> S x — ?y = zero)

86 {

87 zero =>

88 assume A := (S x < zero)

89 (!from-complements (S x - zero = zero)

90 A

91 (!chain-> [true ==> (~ A) [Less.not-zero]l]))

92 | (S y) =>

93 assume A := (S x < S vy)

94 let {C := (!chain-> [A ==> (x < vYy) [Less.injectivel]) }
95 (!chain [(S x - S V)

96 = (x — V) [both-nonzero]

97 = zero [C ind-hyp]])

98 }

9}

100

101 define second-greater-or-equal :=

102 (forall xy . x <= ==> X - y = zero)

103

14 conclude second-greater-or—-equal

105 pick-any x:N y

106 assume A := (x <= vYy)

107 let {C := (!chain-> [A ==> (x <y | x = vy) [Less=.definition]])}
108 (!cases C

109 (!chain [(x < y) ==> (x - y = zero) [second-greater]])
110 assume (x = Yy)

111 ('chain [(x - y) = (x - x) [(x = v)]

12 = zero [second-equalll))

13

114 define alt-<=-characterization :=

115 (forall x vy . x <=y <==> exists z . y = x + z)

116

117 conclude alt-<=-characterization

118 pick-any x y

119 ('equiv

120 (!chain [(x <=vy)

121 ==> (y = (y - x) + x) [P1lus—-Cancel]

122 ==> (y = x + (y — x)) [Plus.commutative]
123 ==> (exists ?z . y = x + ?2) [existence]])

124 assume A := (exists ?z . y = x + ?z)

125 pick-witness z for A witnessed

126 (!'chain-> [witnessed ==> (x <= vy) [Less=.k-Less=]1]))
127

128 define <-left := (forall xy . zero <y &y <= x ==>x - y < x)

129
130 conclude <-left

131 pick-any x y

132 assume A := (zero < y & y <= X)
133 let {goal := ((x - y) < x)}
134 (!by-contradiction goal

135 assume (~ goal)

136 (labsurd

137 (!'chain-> [(zero < y)

138 ==> (zero + x < y + X) [Less.Plus-k]
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==> (x <y + x) [Plus.left-zero]])
(!chain-> [ (~ goal)

==> (x <= x v) [Less=.trichotomyl]

==> (x + y <= (x —y) + vy) [Less=.Plus-k]

==> (x + y <= x) [(y <= x) Plus—-Cancel]

=> (~ x < x +vY) [Less=.trichotomy4]

==> (~ x <y + Xx) [Plus.commutative]])))

define Plus-Minus-property :=
(forall x y z . x =y + z ==> x -y

z)

conclude Plus-Minus-property
pick-any x y z

assume A := (x =y + 2z)
let {Cl :=
(!chain—>
[A ==> (y <= Xx) [Less=.k-Less=]
==> (x = (x —vy) +vy) [Plus—-Cancell]);
C2 := (!chain-> [A ==> (x = z + y) [Plus.commutative]])}
(!chain->
[((x —y) +y) =x [C1]
= (z +y) [C2]
==> ((x - vy) = 2z) [Plus.=-cancellation]])
conclude Plus-Minus-property-1 :=
(forall x y z . x =y + z ==>x - z =Y)
pick-any x:N y:N z:N
(!chain [(x =y + z)
==> (x = z + V) [Plus.commutative]
==> (x — z =Y) [Plus-Minus-property]l])
conclude Plus-Minus-property-2 :=
(forall x vy z . x +y =12z ==>x =12 —-Y)
pick-any x:N y:N z:N
(!'chain [(x + v = z)
==> (z = x tvY) [sym]
==> (z - y = X) [Plus-Minus-property-1]
==> (x =z - y) [sym]])
conclude Plus-Minus-property-3 :=
(forall x vy z . x +y =2 ==>y = 2z - X)
pick-any x:N y:N z:N
(!chain [(x + vy = 2z)
==> (z = x + vVy) [sym]
==> (z - X = V) [Plus-Minus-property]
==> (y = z - X) [sym]])
define Plus-Minus-properties :=
[Plus-Minus-property Plus-Minus-property-1
Plus-Minus-property-2 Plus-Minus-property-3]
define cancellation := (forall x y (x +vy) — x =1Y)
conclude cancellation
pick-any x y
(!chain->
[(x + y=x+y) ==> ((x+y) - x =y) [Plus-Minus-property]])

define comparison :=

(forall x y z z <y &y <=x==>x -y < X - z)
conclude comparison

pick-any x y z

let {Al := (z < y);
A2 := (y <= x)}
assume (Al & A2)
let {u := (x - y);
v o= (x - z);
Bl := (!chain->
[A2 ==> (x = u + V) [Plus—-Cancel]]);
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B2 := (!chain->
[ (Al & A2)
==> (z < x

) [Less=.transitivel]
==> (z <= X

[Less=.Implied-by-<]

+ + =

==> (X = VvV zZ) [Plus—-Cancel]
=> (x = z v) [Plus.commutative]
==> (u +y =2z + v) [Bl]])}
(!by-contradiction (u < v)
assume (~ u < V)
let {Cl := (!chain->
[(~u < v) ==> (v <= u) [Less=.trichotomy2]1]);
C2 := (!chain—>
[(z <y) ==> (z + v <y + v) [Less.Plus—k]
==> (z + v < v + y) [Plus.commutativell]);
C3 := (!chain->
[ (v <= u)
==> (v + y <= u + vy) [Less=.Plus—k]
==> (z + v<v+y&v+y<=u+y) [augment]
==> (z + v < u + vy) [Less=.transitivel]
=> (u +y =/=2z + V) [Less.not-equall]])}
(!absurd B2 C3))
define Times-Distributivity :=
(forall x y z . X y — X * z =X x (y — 2z))
conclude Times-Distributivity
pick-any x y z
(!two—-cases
assume A := (z <= y)
(!chain->
[(x % y)
(x * ((y — z) + z)) [Plus—-Cancel]
(x » (y — z) + x * z) [Times.left-distributive]
= (x * z + x x (y — z)) [Plus.commutative]
==> (x Yy - X * 2z =X % (y — z)
[Plus-Minus-property]])
assume A := (~ z <= Yy)
let {C := (!chain-> [A ==> (y < 2z) [Less=.trichotomyl]])}
(!combine-equations
(!chain—->
[C==> (C | v = 2) [alternate]
> (y <= z) [Less=.definition]
==> (X * y <= X * 2) [Times.<=-cancellation-conv]
==> (X * Yy — X * Z = Zero)
[second-greater-or-equall])
(!chain
[(x « (y = 2))
(x * zero) [second-greater]
= zero [Times.right-zero]])))

} # N.Minus



