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load "nat-plus"
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## Polymorphic lists

#datatype (List T) := nil | (:: T (List T))
assert (datatype-axioms "List")

module List {
open N

define [L L’ L1 L2 L3 1 1’ 11 12 pgr L Mxy z x ht tl t2] :=
[?L: (List 'S1) ?L’:(List 'S2) °?Ll:(List ’S3) ?L2:(List 'S4) ?L2:(List ’'S5)
?1:(List 'S6) 21’:(List ’'S7) ?11:(List ’S8) ?212:(List ’'S9)
?p: (List ’'S10) ?qg:(List 'S11) ?r:(List ’S12) ?L:(List 'S13)
?M: (List 'S14) ?x ?y 2z ?x  2h 2t ?tl 2t2]

declare join: (T) [(List T) (List T)] -> (List T) [[(alist->1list id) (alist->1list id)]]

define ++ := join
module join {
assert left-empty := (forall g . nil join g = q)

assert left-nonempty :=
(forall x r g . (x :: r) join g = x :: (r join q))

define right-empty := (forall p . p join nil = p)
define right-nonempty :=
(forall py g

p join (y :: g) = (p join (y :: nil)) join q)

by-induction right-empty {

nil =>
(!chain [(nil join nil) = nil [left-empty]])
[ (x 12 p) =>
let {induction-hypothesis := (p join nil = p)}
(!chain [((x :: p) join nil)
-=> (x :: (p join nil)) [left-nonempty]
-=> (x :: p) [induction-hypothesis]])

}

by-induction right-nonempty {
nil =>
pick-any y g
(!combine-equations

(!chain [(nil join (y :: Q))
-—> (y :: q) [left-empty]])
(!chain [((nil join (y :: nil)) join q)
-=> ((y :: nil) join q) [left-empty]
-=> (y :: (nil join q)) [left-nonempty]
-=> (y t: q) [left—emptyl]))
| (x :: p) =>

let {induction-hypothesis :=
(forall ?y 2g

p Jjoin (?y :: ?9) = (p join (?y :: nil)) join 2q)}
conclude (forall ?y ?g
(x :: p) join (?y :: 2q) =
((x :: p) join (?y :: nil)) Jjoin 72q)

pick-any vy g
(!combine-equations
('chain [((x :: p) Join (y :: q))
-=> (x :: (p join (y :: qg))) [left-nonempty]
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69 -=> (x :: ((p join (y :: nil)) Join q))
70 [induction-hypothesis]])
71 (!chain [(((x :: p) Jjoin (y :: nil)) Jjoin q)

72 -——> ((x :: (p join (y :: nil))) Jjoin q)
73 [left—nonempty]

74 -=> (x :: ((p join (y :: nil)) Jjoin q))
75 [left—nonemptyll]))
76 }

77

78 define Associative :=

79 (forall p g r

80 (p join g) join r = p join (g join r))

81

82 by-induction Associative {

83 nil =>

84 pick-any g r

85 (!chain [((nil join g) join r)

86 -=> (g join r) [left-empty]

87 <-- (nil join (g join r)) [left-empty]l])

88 | (x :: p) =>

89 let {induction-hypothesis :=

90 (forall ?g ?r . (p join ?qg) join ?r =

91 p join (?g join ?r))}

92 conclude (forall ?g ?r

93 ((x :: p) join ?qg) Jjoin ?r =

94 (x :: p) Jjoin (?g join ?r))

95 pick-any g r

9% (!chain

97 [(((x :: p) Jjoin g) Jjoin r)

98 -=> ((x :: (p join qg)) Jjoin r) [left-nonempty]
99 -—> (x ((p join g) join r)) [left-nonempty]
100 -—> (X (p join (g join r))) [induction-hypothesis]
101 <-— ((x :: p) Jjoin (g join r)) [left-nonempty]
102 1)

103 }

104

105 define left-singleton :=

106 (forall x p . (x :: nil) join p = x :: p)

107

108 conclude left-singleton

109 pick-any x p

110 (!chain

111 [((x :: nil) Jjoin p)

112 = (x :: (nil join p)) [left-nonempty]

113 = (x :: p) [left-empty]])

114

115 } # join

116

D
s declare reverse: (T) [(List T)] -> (List T) [[(alist->1list id)]]

119
120 module reverse {
121

122 assert empty := ((reverse nil) = nil)

123 assert nonempty :=

124 (forall x r . (reverse (x :: r)) = (reverse r) join (x :: nil))
125

126 define of-join :=

127 (forall p g . (reverse (p join q)) = (reverse ) Jjoin (reverse p))
128

129 define of-reverse := (forall p . (reverse (reverse p)) = p)

130

131 by-induction of-join ({

132 nil =>

133 conclude (forall g . (reverse (nil join q)) =

134 (reverse ) Jjoin (reverse nil))

135 pick-any g

136 (!combine-equations

137 (!chain [(reverse (nil join q))

138 --> (reverse q) [join.left-empty]])
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139 (!'chain [((reverse ) join (reverse nil))

140 —-—> ((reverse g) Jjoin nil) [empty]

141 --> (reverse q) [join.right-empty]l]))
142 | (x :: p) =>

143 let {induction-hypothesis :=

144 (forall ?q . (reverse (p join ?q)) =

145 (reverse ?q) join (reverse p))}

146 conclude (forall ?g . (reverse ((x :: p) join 2q)) =

147 (reverse ?q) join (reverse (x :: p)))

148 pick-any g

149 (!chain [(reverse ((x :: p) join qg))

150 -—> (reverse (x :: (p join q))) [join.left—nonempty]
151 —-=> ((reverse (p join g)) Jjoin (x :: nil))

152 [nonempty]

153 -=> (((reverse q) join (reverse p)) Join (x :: nil))
154 [induction-hypothesis]
155 -—> ((reverse ) Jjoin ((reverse p) Jjoin (x :: nil)))
156 [join.Associative]

157 <-—- ((reverse g) join (reverse (x :: p)))

158 [nonempty]])

159 }

160

161 by-induction of-reverse {

162 nil =>

163 conclude ((reverse (reverse nil)) = nil)

164 (!chain [ (reverse (reverse nil))

165 -—> (reverse nil) [empty]

166 -=> nil [empty]])

167 | (x :: p) =>

168 conclude ((reverse (reverse (x :: p))) = (x :: p))

169 let {induction-hypothesis := ((reverse (reverse p)) = p)}

170 (!chain

171 [ (reverse (reverse (x :: p)))

172 -—> (reverse ((reverse p) join (x :: nil)))

173 [nonempty]

174 —-=> ((reverse (x :: nil)) join (reverse (reverse p)))

175 [of-Join]

176 -=> ((reverse (x :: nil)) Jjoin p) [induction-hypothesis]
177 -=> (((reverse nil) join (x :: nil)) Jjoin p)

178 [nonempty]

179 -=> ((nil join (x :: nil)) Jjoin p) [empty]

180 -=> ((x :: nil) Jjoin p) [join.left-empty]

181 -=> (x :: (nil join p)) [join.left—nonempty]
182 -——> (x ) [Join.left-empty]])

183 }

184

185 A o

186 # Another relationship between reverse and join:
187

188 define join-singleton :=

189 (forall p x . (reverse (p join (x :: nil))) =

190 x :: (reverse p))

191

192 conclude join-singleton

193 pick-any p x

194 (!chain

195 [(reverse (p join (x :: nil)))

196 -=> ((reverse (x :: nil)) join (reverse p)) [of-Join]
197 —-—> (((reverse nil) join (x :: nil)) join (reverse p))
198 [nonempty]
199 -=> ((nil join (x :: nil)) Jjoin (reverse p)) [empty]

200 -=> ((x :: nil) Jjoin (reverse p)) [join.left-empty]

201 -=> (x :: (nil join (reverse p))) [join.left-nonempty]
202 -—> (X (reverse p)) [join.left-emptyl])
203

T

205 # Another proof of reverse, using join-singleton:
206

207 by-induction of-reverse {

208 nil =>
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209 conclude ((reverse (reverse nil)) = nil)

210 (!chain [ (reverse (reverse nil))

211 -—> (reverse nil) [empty]

212 --> nil [empty]])

213 | (x :: p) =>

214 conclude ((reverse (reverse (x :: p))) = (x :: p))

215 let {induction-hypothesis := ((reverse (reverse p)) = p)}
216 (!chain

217 [ (reverse (reverse (x :: p)))

218 —-=> (reverse ((reverse p) join (x :: nil))) [nonempty]
219 -=> (x :: (reverse (reverse p))) [join-singleton]

220 -——> (x :: p) [induction-hypothesis]])

221 }

p25) } # reverse
223
24 #
25 declare length: (T) [(List T)] -> N [[(alist->1ist id)]]
226

227 module length {

228

229 assert empty := (length nil = zero)

230 assert nonempty := (forall p x . length (x :: p) = S length p)
231

232 define of-join := (forall p g

233 length (p join g) = (length p) + (length q))
234 define of-reverse := (forall p . length reverse p = length p)

235
236 by—-induction of-join {

237 nil: (List ’S) =>

238 conclude (forall ?qg

239 length (nil:(List 'S) join ?q) = (length nil: (List 'S) + (length 2q)))
240 pick-any qg: (List ’S)

241 (!combine-equations

242 (!chain

243 [ (length (nil join q))

244 --> (length q) [join.left-empty]])

245 (!chain

246 [((length nil: (List ’'S)) + (length q))

247 -—> (zero + (length q)) [empty]

248 -—> (length q) [Plus.left-zero]l]))

9 | (H:'S :: T:(List ’'S)) =>

250 conclude (forall ?g . length ((H :: T) join 2qg) =

251 (length (H :: T)) + length 2q)

252 let {induction-hypothesis :=

253 (forall ?g . length (T join ?q) = (length T) + length ?2q)}
254 pick-any g: (List ’'S)

255 (!combine-equations

256 (!chain

257 [(length ((H :: T) join q))

258 -=> (length (H :: (T join q))) [join.left—nonempty]

259 -=> (S (length (T join qg))) [nonempty]

260 -=> (S ((length T) + (length q))) [induction-hypothesis]])
261 (!chain

262 [((length (H :: T)) + (length q))

263 -—> ((S (length T)) + (length qg)) [nonempty]

264 -=> (S ((length T) + (length qg))) [Plus.left-nonzerol]))

265}
266
267 by-induction of-reverse {

268 nil =>

269 (!chain [(length (reverse nil: (List ’S)))

270 --> (length nil: (List 'S)) [reverse.empty]])

o | (x :: p:(List 'S)) =>

272 let {induction-hypothesis := ((length (reverse p)) = (length p))}
273 conclude (length (reverse (x :: p)) = length (x :: p))

274 (!chain

275 [ (length (reverse (x :: p)))

276 —--> (length ((reverse p) join (x :: nil)))

277 [reverse.nonempty]

278 -=> ((length (reverse p)) + (length (x :: nil)))
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-=> ((length p)
-=> ((length p)
-=> ((length p)
-=> (S ((length
-—> (S (length p
<-- (length (x

}

} # length

#

[of-join]
+ (length (x nil))) [induction-hypothesis]
+ (S (length nil: (List ’'S)))) [nonempty]
+ (S zero)) [empty]
p) + zero)) [Plus.right-nonzero]
)) [Plus.right-zero]
P)) [nonempty]])

# List.count:
# of occurrences of x

given a

value x and a list, returns the number

in the 1list.

declare count: (S) [S (List S)] -> N [[id (alist->1list id)]]
module count {
define [x x L M] := [?x:'S ?x’:’S ?L:(List ’S) °?M:(List 'S)]
assert axioms :=

(fun

[ (count x nil) = zero

(count x (x’ L)) = [(S (count x L)) when (x = x’)
(count x L) when (x =/= x")11])

define [empty more same] := axioms
define of-join :=

(forall L M x (count x (L join M)) = (count x L) + (count x M))
define of-reverse :=

(forall L x (count x (reverse L)) = (count x L))

by-induction of-join {
nil =>
pick-any M x

(!combine-equations
(!chain [(count x (nil join M))
= (count x M) [join.left-emptyl])
(!chain [((count x nil) + (count x M))
= (zero + (count x M)) [empty]
= (count x M) [Plus.left-zero]]))
I (y L)y =>
let {ind-hyp := (forall ?M ?x (count ?x (L join ?M)) =
(count ?x L) + (count ?x ?M))}
conclude (forall ?M ?x (count ?x ((y L) join 2?M)) =
(count ?x (y L)) + (count ?x ?M))
pick-any M x
(!'two-cases
assume (x = V)
(!combine-equations
(!chain
[ (count x ((y L) join M))
= (count x (y (L join M))) [Join.left-nonempty]
(S (count x (L join M))) [more]
= (S ((count x L) + (count x M))) [ind-hyp]l])
(!chain
[((count x (y :: L)) + (count x M))
= ((S (count x L)) + (count x M)) [more]
= (S ((count x L) + (count x M))) [Plus.left-nonzero]
1))
assume (x =/=vy)
(!combine-equations
(!chain
[ (count x ((y L) join M))
= (count x (y (L join M))) [join.left—nonempty]
= (count x (L join M)) [same]
= ((count x L) + (count x M)) [ind-hypl])
(!chain
[ ((count x (y L)) + (count x M))
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349 = ((count x L) + (count x M)) [same]
350 1))

351}

352

353 by-induction of-reverse {

354 nil =>

355 pick-any x

356 (!chain [ (count x (reverse nil))

357 = (count x nil) [reverse.empty]])

38 | (y :: L) =>

359 let {ind-hyp := (forall ?x . (count ?x (reverse L)) = (count ?x L))}
360 conclude (forall ?x . (count ?x (reverse (y :: L))) =

361 (count ?x (y :: L)))

362 pick-any x

363 (!'two-cases

364 assume (x = y)

365 (!chain

366 [ (count x (reverse (y :: L)))

367 = (count x ((reverse L) Jjoin (y :: nil)))

368 [reverse.nonempty]

369 = ((count x (reverse L)) + (count x (y :: nil)))
370 [of-Join]

371 = ((count x L) + (S (count x nil)))

372 [ind-hyp more]

373 = ((count x L) + (S zero)) [empty]

374 = (S ((count x L) + zero)) [Plus.right-nonzero]
375 = (S (count x L)) [Plus.right-zero]

376 = (count x (y :: L)) [more]])

377 assume (x =/=vy)

378 (!chain

379 [ (count x (reverse (y :: L)))

380 = (count x ((reverse L) Jjoin (y :: nil)))

381 [reverse.nonempty]

382 = ((count x (reverse L)) + (count x (y :: nil)))
383 [of-Join]

384 = ((count x L) + (count x nil))

385 [ind-hyp same]

386 = ((count x L) + zero) [empty]

387 = (count x L) [Plus.right-zero]

388 = (count x (y :: L)) [same]]))

389}

30 } # count

391

32 # = = = =

33 # List.in (membership)

394

395 declare in: (T) [T (List T)] -> Boolean [[id (alist->1list id)]]
396

397 module in {

398

39 assert empty := (forall x . ~ x in nil)

40 assert nonempty := (forall x y L . x in (y :: L) <==> x =y | x in L)

401

402 e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

403 # Lemmas:

404

405 define head := (forall x L . x in (x :: L))

406 define tail := (forall x y L . x in L ==> x in (y :: L))
407

48 conclude head

409 pick-any x L

410 (!chain-> [(x = Xx)

411 ==> (x = x | x in L) [alternate]
412 ==> (x in (x :: L)) [nonempty]l])

413
414 conclude tail

415 pick-any x y L

416 (!chain [(x in L)

417 ==> (x =y | x in L) [alternate]
418 ==> (x in (y :: L)) [nonempty]])
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419
420 define of-singleton :=
421 (forall x vy . x in (y :: nil) ==> x = vy)

423 conclude of-singleton

424 pick-any x y

425 assume (x in (y :: nil))

426 let {C := (!chain-> [(x in (y :: nil)) ==> (x =y | x in nil)
427 [nonempty]l]) }

428 (!cases C

429 assume (x = V)

430 ('claim (x = y))

431 assume (x in nil)

432 (!from-complements (x = y)

433 (x in nil) (!chain-> [true ==> (~ x in nil) [empty]])))
434

B35 B e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

46 # Theorem:

48 define of-join :=
439 (forall L M x . x in (L join M) <==> x in L | x in M)

41 by-induction of-join {

442 nil =>

443 conclude (forall ?M ?x . ?x in (nil Jjoin °?M) <==>

444 ?x in nil | ?x in ?M)

445 pick-any M x

446 let {_ := (!chain—>

447 [true ==> (~ x in nil) [empty]

448 <==> (x in nil <==> false) |[prop-taut]])}
449 (!chain

450 [(x in (nil join M))

451 <==> (x 1in M) [join.left-empty]

452 <==> (false | x in M) [prop-taut]

453 <==> (x in nil | x in M) [(x in nil <==> false)]])

454 | (y :: L) =>

455 let {ind-hyp := (forall ?M ?x

456 ?x in (L join ?M) <==> ?x in L | ?x in ?M)}
457 conclude (forall ?M ?x

458 ?x in ((y :: L) join ?M) <==>

459 ?x in (y :: L) | ?x in ?M)

460 pick-any M x

461 (!chain

462 [(x in ((y :: L) join M))

463 <==> (x in (y :: (L join M))) [join.left-nonempty]
464 <==> (x =y | x in (L join M)) [nonempty]

465 <==> (x =y | x in L | x in M) [ind-hyp]

466 <==> ((x =y | x in L) | x in M) [prop-taut]

467 <==> (x in (y :: L) | x in M) [nonempty]l])

468}

460 } # in

470

e # = = ===

412 # (List.replace L x y) returns a copy of L except that all
413 # occurrences of x are replaced by y

415 declare replace: (S) [(List S) S S] -> (List S) [[(alist->1ist id) id id]]
4717 module replace {

479 assert axioms :=

480 (fun

481 [ (replace nil x y) = nil

482 (replace (x’ :: L) x y) =

483 [(y :: (replace L x vy)) when (x = x’)

484 (x" :: (replace L x y)) when (x =/= x’)11)
485

486 define [empty equal unequal] := axioms

488 define sanity-checkl :=
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489 (forall L x vy

490 x =/=y ==> (count x (replace L x y)) = zero)
491

42 define sanity-check2 :=

493 (forall L x vy
494 X =/=y ==>
495 (count y (replace L x y)) = (count x L) + (count y L))

496
497 by—-induction sanity-checkl {

498 nil =>

499 pick-any x y

500 assume (x =/=vy)

501 (!chain [(count x (replace nil x y))

502 = (count x nil) [empty]

503 = zero [count.empty]])
504 | (z :: L) =>

505 pick-any x y

506 assume (x =/= y)

507 let {ind-hyp := (forall ?x 2y

508 ?x =/= ?y ==> (count ?x (replace L ?x ?y)) = zero);
509 _ = (lsym (x =/=y))}

510 (!'two-cases

511 assume (x = z)

512 (!chain

513 [ (count x (replace (z :: L) x Vy))

514 = (count x (y :: (replace L x y))) [equall

515 = (count x (replace L x y)) [count .same]
516 = zero [ind-hypl])
517 assume (x =/= z)

518 (!chain

519 [ (count x (replace (z :: L) x vy))

520 = (count x (z :: (replace L x y))) [unequall]

521 = (count x (replace L x Vy)) [count .same]
522 = zero [ind-hypl]1))

523}
524
525 by—induction sanity-check2 {

526 nil =>

527 pick-any x y

528 assume (x =/=y)

529 (!combine-equations

530 (!chain [(count y (replace nil x y))

531 = (count y nil) [empty]

532 = zero [count.empty]])

533 (!chain [((count x nil) + (count y nil))

534 = (zero + zero) [count.empty]

535 = zero [Plus.right-zero]]))

536 | (z:'S :: L) =>

537 pick-any x:’S y

538 assume (x =/= y)

539 let {ind-hyp := (forall ?x 2y

540 ?x =/= ?y ==> (count ?y (replace L ?x ?y)) =
541 (count ?x L) + (count ?y L));
542 _ = (!sym (x =/=y))}

543 (!two-cases

544 assume (y = z)

545 (!combine-equations

546 (!chain

547 [ (count y (replace (z :: L) x Vy))

548 = (count y (replace (y :: L) x y)) [(y = 2)]

549 = (count y (y :: (replace L x vy))) [unequal]

550 = (S (count y (replace L x vy))) [count .more]

551 = (S ((count x L) + (count y L))) [ind-hypl])

552 (!chain

553 [((count x (z :: L)) + (count y (z :: L)))

554 = ((count x (y :: L)) + (count y (z :: L)))

555 = ((count x L) + (count y (y :: L))) [count.same (y = z)]
556 = ((count x L) + (S (count y L))) [count .more]

557 = (S ((count x L) + (count y L))) [Plus.right-nonzero]]))
558 assume (y =/= z)
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(!'two-cases

assume (x = z)
(!combine-equations
(!chain
[ (count y (replace (z :: L) x Vy))

= (count y (y
(S (count vy

(replace L x vy)))
(replace L x vy)))

= (S ((count x L) + (count y L)))
(!'chain
[ ((count x (z L)) + (count y (z
((S (count x L)) + (count y L))
= (S ((count x L) 4+ (count y L)))
assume (x =/= z)
(!combine-equations
(!'chain
[ (count y (replace (z :: L) x y))
= (count y (z (replace L x vy)))
= (count y (replace L x y))
= ((count x L) + (count y L))
(!chain
[ ((count x (z L)) + (count y (z

= ((count x L) + (count y L))
}

} # replace

[equal]
[count .more]
[ind-hypl])

L)))
[count .more count.same]
[Plus.left-nonzero]]))

[unequal]
[count.same]
[ind-hypl])

L)))
[count.samel]l))))

} # List
define (alist->clist inner) :=
letrec {loop := lambda (L acc)
match L {
(list-of x rest) => (loop rest ((inner x) acc))
| [] => acc
}}
lambda (L)
match L {
(some-list _) => (loop (rev L) (nil))
| _ => L
}
define (clist->alist inner) :=
letrec {loop := lambda (L acc)
match L {
(x :: rest) => (loop rest (add (inner x) acc))
| nil => (rev acc)
I
lambda (L)
match L {
(x :: rest) => (loop L [])
| nil => []

| => L

}



